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ON THE GREEN FUNCTION OF THE ANNULUS 


MASSIMO GROSSI AND DJORDJIJE VUJADINOVIC 


Abstract. Using the Gegenbauer polynomials and the zonal harmonics 
functions we give some representation formula of the Green function in 
the annulus. We apply this result to prove some uniqueness results for 
some nonlinear elliptic problems. 


1. Introduction and statement of the main results 

The classical Green function of the operator —A with Dirichlet boundary 
conditions is defined by 

f -A^G{x,y) = 5y{x) in 11 , . 

\ G{x,y) = 0 on dQ, ^ ' ' 

where 5y is the Dirac function centered at y and D is a bounded domain of 
IR”, n > 2. 

It is well known that the Green function can be written as 

G{x,y) = - --- - - ^ + H{x,y) (1.2) 

(n - 2)ujn-i\x - yp ^ 

where H(x,y) is a smooth function in D x D which is harmonic in both 
variables x and y. Finally the Robin function is defined as 

R{x) = H{x,x). (1.3) 

The knowledge of the Green (or the Robin) function is of great importance 
in applications (we mention the paper [2] and the rich list of references 
therein). Indeed the explicit calculation of the Green function is an old 
problem (see for example the book by Gourant and Hilbert, [5]) but it can 
be solved only in special cases (like the ball or half-space). 

For these reason, even if it is not possible to have the explicit expression, 
it is very important to deduce any properties of the Green function. 

In this paper we are interested to the case where the domain is the annu¬ 
lus in IR”, namely D = {x G IR" : a < |x| < 6} (in the rest of the paper by 
simplicity we assume that 6 = 1). Even if the annuls possesses many sym¬ 
metries, you can not explicitly write the Green function. If n = 2 in [7] it 
was given a representation for the Green function as trigonometrical series. 
In this paper we give a representation formula of the Green function when 
n > 3 using the zonal spherical harmonics. Our first result is the following. 

The first author is supported by PRIN-2009-WRJ3W7 grant and the second author is 
supported by Basileus scholarship programme. 
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Theorem 1.1. Let A he the annulus A = {x ^ H” : a < |x| < 1}. Then 
we have that the Green function in A is given by, 


GA{x,y) = 


E 


(n - 2)u}n-i\x - y\^ ^ 


|2m+n—2 |^|2m+n—2 


— a 


2m+n—2 


(1^ 


|2m+n—2 


+ \y\ 


2m+n—2 


) + a 


2m+n—2 


^n—1 


m=0 


{2m + n — 2 )(|x||y|)"'+™'“ 2 (i _ Q 2 m+n- 2 ^ 


-Z„ 


(1.4) 


^ _y_ 

\y\ 


Moreover the Robin function is given by, setting do = 1 and dm 


n + m — 3\ 

. ri-2, ) 


for m > 1, 


n + m — 2\ 
. ^^-2 ) 


(x) 


^2m+n—^ 


Here Zm{x,y) are the zonal spherical harmonics (see Section 2 or [1] for 
the definition and main properties). 

Next corollary gives an alternative expression of the Green function which 
does not involve the Newtonian potential. 


Corollary 1.2. Let A be the annulus A = {x ^ IR” : a < |a:| < 1}. Then 
we have that the Green function is given by. 


GA{x,y) 


1 


oo 


^ (|a;|2m+n-2_^2m+n-2^(']^_|j^|2m+n-2^ ^ 

/ j /o._ _ I „ oT7T7rTTTjTri"Trrr^"77i 


(2m+n-2)(|3;||y|)"+"‘-2(l-a2"i+n-2) 

m=0 

1 


X y 

R’ R 


n — 2 | 2 ;.|n —2 I 


1 ^'y_ 

w 


+ Ra{x), 


GXJ 

— E 

'n — l 


m=0 


^|y|2m+TT. —2_^2m+7T. —2^ ^ |2r7i + n —2 ^ 

(2m+n-2)(|3;||y|)"+"*-2(l-a^"*+"-2) I R’ R j ’ 


Zn 


if |a;| < \y\ 
if |a;| = \y\, x^y 

if |a;| > \y\ 

( 1 . 6 ) 


These results are useful to derive some properties of the Robin function 
of the annulus. Actually we will show that the Robin function is a radial 
function which admits only one critical point which is nondegenerate in the 
radial direction. 


Theorem 1.3. Let A be the annulus {x € |a < \x\ < 1} for n > 2 and 
Ra{x) the corresponding Robin function. Then, if r = |x|, we have that 
Ra{x) = RA{r) and Ra{x) has a unique critical point tq which satisfies 
R'f{ro) > 0. 

Note that this result was proved, when n = 2, in [4] using different tech¬ 
niques. In Proposition 3.3 we give an alternative proof of this result. 

Finally we apply these results to deduce some properties of nonlinear 
PDF’s problem. A straightforward application is a uniqueness results of 
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concentrating solutions. Let us consider the problem 


and 


n+2 

Au = N{N — 2)u"-2 -|- eu 
u > 0 

in A 
in A 

(1.7) 

u = 0 

on dA 


“4“ (LIul^S^) " 

2 • 

(1.8) 


It is well known (see [3]) that there exists solutions which achieve and 
satisfying 

Se^S (1.9) 


where S is the best constant in Sobolev inequalities. In the next theorem 
we show the uniqueness of this solution (up to a suitable rotation). 


Theorem 1.4. Let us suppose that and U 2 ,e two solutions of (1.7) 
satisfying (1.9). Then, up to a suitable rotation, we have that 

Ul,e = U2,s ( 1 . 10 ) 


for e small enough. 


When n is a generic domain of IR”, Theorem 1.4 was proved by Glangetas 
(see [6] ) under the assumption that the critical point of the Robin function is 
nondegenerate. Of course, due to the rotationally invariance of the annulus, 
any critical point is degenerate and so Glangetas’ result is therefore not 
applicable (note that the author conjectured the uniqueness result in the 
annulus at page 573 in [6] ). Indeed the meaning of Theorem 1.4 is that just 
the nondegeneracy in the radial direction is necessary to have the uniqueness 
of the solution up to a suitable rotation. 

The paper is organized as follows: in Section 2 we recall some preliminaries 
about the zonal harmonics and the Gegenbauer polynomials. In Section 3 
we prove the Theorem 1.1, Gorollary 1.2 and some properties of the Robin 
function (proof of Theorem 1.3). Finally in Section 4 we prove Theorem 1.4. 


2. Preliminaries 

In this Section we would like to point out the basic properties of zonal 
harmonics which are going to be used trough the paper. A good reference 
for the interested reader is the book [1]. 

By we are going to denote the finite dimensional Hilbert space 

of all harmonic homogeneous polynomials of degree m. 

Let us denote by S the unit sphere of IR”. A spherical harmonic of degree 
m is the restriction to S of an element of 77m (IR”). The collection of all 
spherical harmonics of degree m will be denoted by Hm{S). 

Now we consider an important subset of the so-called zonal har¬ 

monics. They can be defined in different ways. We choose the equivalent 
definition given in Theorem 5.38 in [1]. 
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For X G H"" with n > 2 and ^ G S' we define the zonal harmonic 
of degree m as 

Zo(x,0 = 1, 


[m/2] 


z.„(x,o = („ + 2 ™ - 2) 

( 2 . 11 ) 


k=0 


as m > 0 . Several properties of the zonal harmonic can be found in Chapter 
5 of [1]. Let us emphasize that there is an explicit formula for the zonal 
harmonic as n = 2, 

= 2cos(m(0 — (/>)). 


The zonal harmonics have a particularly simple expression in terms of the 
Gegenbauer (or ultraspherical) polynomials P^. The latter can be defined 
in terms of generating functions. If we write (see [11] p.l48) 

CX> 

(l_2rt + r2)-^= (2.12) 

m=0 

where 0 < jrj < l,|f| < 1 and A > 0, then the coefficient is called 
Gegenbauer polynomial of degree m associated with A. 

The next theorem (see page 146-150 in [11]) is related to representation 
of the zonal harmonics. 


Theorem 2.1. If n > 2 is an integer, A = and k = 0,1,2... then we 
have that for all x', y' £ S it holds 

Zm{x', y') = ‘^ Pmix' ■ y'). (2.13) 

n — 2 

Proof. In Corollary 2.13 in [11] it is proved that 


Zm{x', y') = Cn,mPm{x' ' v')- (2-14) 

Let us compute the constant Cn,m- If we put x' = y' £ S m (2.13) we get 

Zm{x',x') = Cn,mPmir- (2-15) 

In [1], Proposition 5.27 and Proposition 5.8 it was showed that 


Zm{x , X ) — 


n -|- m — 2 
n — 2 


n + m — 3 
n — 2 


n -I- m — 3A 2m + n — 2 
m ) n-2 


On the other hand in [9], page 1, it was shown that 

By (2.15)-(2.17) we deduce that Cn,m = 


(2.16) 

(2.17) 

□ 
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We end this section pointing out the result (pp. 217,Theorem 10.13,[1]) 
related to the solution of Dirichlet problem in annulus. Recall that A = 
{x & R^la < |a;| < 1} and set 

PA[f]{x) = j f{C)PA{x,C)da{^) + j f{aC)PA{x,a^)da{^), 
s s 


where 

OO 

m=0 


1 - {a/\x\f^+^-^ 

_ Q2m+n—2 


and 

OO 

PA{x,ai) = ^ Cyn{x)Zm{x,C),Cm{x) 
m=0 


\a/\x\) 


m+n—2 


1 — lx 


|2m+n—2 


_ Q2m-\-n—2 


Both series Pa{x, , Pa{x, a^) converge absolutely and uniformly on iiT x 

S,K C A {K is some compact subset). We have the following 


Theorem 2.2. Suppose n > 2 and that f is continuous function on dA. 
Define u on A by 


u{x) 


PA[f]{x), xeA 
f{x), X G dA. 


Then u is continuous on A and harmonic on A. 


3. The representation formula for the Green function 


Our first aim is to write the Green function for the annulus in terms of 
Zm{x,y). The starting point for our results is going to be the next easy 
lemma which will play an important role in proving Theorem 1.1. 


Lemma 3.1. We have that, for any |^| = 1, \y\ < 1 and y f,, 


l?-y| 


n—2 


E 

m=0 


n — 2 


2m + n — 2 


and 


1 


E 


n — 2 


K - 2/1”"^ 2m + n - 2 \y\n+m-2 




JL 

\y\ 


Zm(f 


Proof. Since |^| = 1, by using the formula (2.12) we obtain 
1 


\^-y\n-2 

OO 

= E 


-=(1-2|!/I 

{■T 


y_ 

\y\ 


71 — 2 

Y~ 


m=0 


E 

m=0 


+ |yp 

n — 2 


71 — 2 
2 


2m + n — 2 


\yrZm i 


|y| 


(3.18) 


(3.19) 


(3.20) 
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In a similar way we prove (3.19): 


|a^ - yh-2 




O \ - 
\ 2 


|2—n 


^?Ti n —2 


m=0 


A 

|y| 


E 


a 

w 

n — 2 


^ 2m + n - 2 \y\n+m-2 
m=0 




_y 
\y\. 

(3.21) 

□ 


Now we are in position to prove our representation formula for the Green 
function. 

Proof of Theorem 1.1. 

By (1.2) we have to write H{x,y) where H{x,y) is an harmonic function 
satisfying H{x,y) = — Theorem 2.2 we have 

that H{x,y) = PA[fy\{x) with fy{x) = - ^n-2)ujr,-i\x-y\^-'^ y G ^ is 

fixed. Using Lemma 3.1 we obtain 

= ~ (n-2K_i / 


1_ f 


1 


(n - 2)Wn-l J |oC - yh-2 
5 

(ji 2)u!^_]^ (ti ^2^10^1—1 
So we have that 

^fPZ2^A{x,f}da{f} = 

m=0 


^PA{x,af)da{f) = 


(3.22) 


h = 


s 

OO 


/ _l\n-2 PA{x,0M0 = E 


|^_y|n-2 
« OO 

E / E 

--n 7,_r» 


n — 2 


m=0 


2k + n — 2 


\y\^Zu[^yi]Zm{x,i)da{i) 


(using the orthogonality of the Zonal harmonic) 


E! ^rn{x) 


n — 2 


m=0 

OO 


E! ^rn{x) 


m=0 


2m + n — 2 
re — 2 

2m + re — 2 


lyry 

5 

|yr| 


(3.23) 


(using the formula at page 94 in [1]) 


E 


re — 2 


m=0 


2m + re — 2 


\yrZm X, 


|y| 
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Similarly, for the second integral, we get 

1 


h = 


s 

OO 


H-y\ 




Y. j Y 




2/c + n - 2 |y|^+^-2 \ \y\ 


'Yy ^rn{x) 


m=0 

OO 


n - 2 a™ 

2m + n-2 \y\n+m-2 


(3.24) 


Vc ix) _ "^—1 _ Y _ ^ {x y 

o L.lri-Urr7-9^^ \ 


m=0 

So, we obtain 


2m + n-2 \y\n+m-2- 


) Zm{x,C)da{^) 

y_ 

\y\ 


GAix,y) = 


1 


(n - 2)ujn-i\x - y|”-2 


Cm{x)a 


^ + \yrb,n{x) 


(n - 2)a;„_i 


1 


E ~ .. Z.,, I 

m=0 

^2mH-n—2^2 + j^ypTn+n—2j'|^|2m+n—2 ^2m+n—2^ 


\y\J (re - 2)a;„_i|x - y|"-2 


E 


(n - 2)a.„_i 


Cn,m(|2^ 


n+m—2^]^ Q2m+n—2^ 


(3.25) 


The Robin function is 

RA{y) = lim ( GA{x,y) - 


1 


x^y 


^2m-\-n — 2 

OO O' _|_ 


■ Y^ 

m=0 


(re - 2)a;„_i|x - yl^-"^ 

27TI + 7T —2 


1 2m _ 2° 


(3.26) 


(2rre + re - 2)(1 - a2"»+’^-2) 


By direct calculation we get the formulas (1.4) and (1.5). □ 

Proof of Corollary 1.2. As in the proof of Lemma 3.1 we have, for |x| > |y|, 
1 1 


\x - y\ 


n—2 


\x\n-2 {i_2^E + 


‘\^\\y\ hi Vbl 


fM] p 

2\ 2 2-^ V 1^^' ' ^ 

m=0 ^ 


/ X • y 
^ ' 'x\\y\ 


\jAYz ^ 

|x|”'“2 2m + re — 2 |x| y ^ \ |a:| ’ |y| 


1 ^ O 

1 ^ 71 — .2 


From (3.27) and (1.4) the claim follows. 
We have the following. 


(3.27) 

□ 
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Corollary 3.2. We have that, 


VRa{x) ■ X 
2 


^n—1 


m=0 


( 2 -m-n)a 2-+"-2 , , (n- 2 )a 2-+"-2 

-|2,|2m+2n-4-T m|X| i-- 

(2m + n - 2)(1 - a2”‘+”-2) 


(3.28) 


Proof. It follows directly by Theorem 1.1. 


□ 


We end this section proving Theorem 1.3. As we mention in the introduc¬ 
tion this result generalizes that of Chen and Lin [4] to higher dimensions. 

Proof of Theorem 1.3 By (3.28) we have the the Robin function is radial. 
Let us set /(r) = rR'^{r). Then, by (3.28) we get 


nr ) = -- 


oo 2(n+m-2)2a2’"+" 2 „ 2„2m-l _ {n-2fa?”^+'^ 2 

^TTi V 1 


< - 


m=0 

oo 2 (n- 2 ) 2 a 2 ™-+'i -2 

E , Y,2m-\-2n — 3 

m=0 


(2m + n-2){l- a‘^rn+n- 2 '^ 


_9\2^2m+n — 2 


{n—2pa‘ 


(2m + n - 2)(1 - a'^rn+n- 2 ^ 


< 0 . 


(3.29) 


The inequality (3.29) implies that the function /(r) is strictly decreasing. 
Since we have that, 


lim /(r) = lim rR'^(r) 

r—)-l~ r—>-l~ 


and 


E 


m 


uJn-i 2m + n - 2 
m=0 


= —OO 


(3.30) 


lim /(r) = lim rR'y^{r) 

r—>-a+ r^a+ 


20^ 


^n—1 


E 

m=0 


(m + n — 2) (l — 0 ?"^ 
(2m + n - 2) (1 - 


-|-oo 


(3.31) 

we conclude that there exists exactly one ro, a < ro < 1, such that /(ro) = 0 
and then R\{rQ) = 0. 

On the other hand, 0 > firo) = rQR'f^{rQ) + R(^(ro) = roi?(^(ro). So 

R'A^rff) <0. □ 


Following the line of the proof of the previous theorem we have the fol¬ 
lowing alternative proof to the result in [4]. 


Proposition 3.3. The Robin function of the 2-dimensional annulus has a 
unique nondegenerate critical point. 


Proof. Let us recall the formula for the Robin function in the plane (see [7]) 

' E-r^di'r 

m=l 


Riy) = - 


logo 


-2o2"^ + a2™|y|-2"^). 
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As in the previous theorem we have, 

log 7 
■log 


R’ir) = 

r log a 1 — 

m=l 




So, 


R''(r) = —2__ 

r2loga ^l-a2™ 

m=l 

On the other hand we get 

limA'(r)= hm -2^^^ + Y 

r—^n. U.l './I 7/ lncr/7 / ^ 


/ N 9m-9 (2m + l)a^”^\ , 

(2m-l)r +--)>0,(a 


|2m,—1 ^2m|y|—2m— 


|y|loga 


Af 


- + 'Y —wrrfa^"* ^ — a = —oo. 


a ^ 1 - a2™ 

m=l 


(3.32) 


On the other hand, while 

log \y\ 


lim R'(r) = 

r^l 


N 


lim -2- 

\v\^i lyllogo ^^i-a 




2m 


|2m—1 ^2m|^.|—2m— 




m=l 

(3.33) 

So, we can conclude that there exist unique ro,a < tq < 1, for which 
R'i'i"o) = 0 and i?"(ro) >0. □ 


4. A UNIQUENESS RESULT FOR A NONLINEAR ELLIPTIC EQUATION 


Let US consider the problem 


n+2 

—Au = N{N — 2)tt"-2 + eu 
u > 0 
u = 0 


in A 
in A 
on dA 


(4.34) 


and solutions satisfying 

Se^S 

where S is the best constant in Sobolev inequalities and 

Ia 


Sr = inf 


u^O 


2n 

\u \^-2 


n — 2 


(4.35) 

(4.36) 


It is well known that a family of solutions satisfying (1.7) and (1.9) concen¬ 
trates at one point, i.e., 

|Vuep ^ 6p (4.37) 

weakly in the sense of measure as e —)• 0. It was proved by Han ([8]) that P 
is a critical point of the Robin function. 


< r < 1). 


+ 00 
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Using Theorem 1.3 we have the following “asymptotic” uniqueness result. 


Theorem 4.1. Let A = {x ^ BL \a < |x| < 1} and a family of solutions 
to (1.7) satisfying (1.9). Then 

|Vup ^ (5^0 (4.38) 


a//6G/c / [) 


m=0 


(2-m-n)a2-+"-2 , , (n-2)a2-+"-2 

- ^‘2m-\-2n-A -T Tnr i-- 

(2m + n - 2)(1 - a'^rn+n- 2 ^j 


= 0 . 


(4.39) 


Next aim is to improve the previous result. Indeed we will show that 
not only our problem has a unique point of concentration, but even it has 
a unique solution for e small. Of course, since the problem is rotationally 
invariant we can have uniqueness only up to a suitable rotation. 

Now let us consider a solution to (1.7) satisfying (1.9). Up to a suitable 
rotation we can assume that its maximum point is given by (yi, 0,.., 0) with 
yi G (a, 1). Then we want to give a representation formula for this solution. 
This involves classical results which we recall below. Basically we follow the 
line of the proof of Theorem A in [6]. 

Let us introduce some notations. Set, for y = (yi,0,.., 0) with yi G (a, 1), 


Uy,\(x) 


(1 +A2|x-y|2)'^ 


which is the only positive solution to 

n+2 

-Au = N{N - 2)u^ in M" 
Let PUy^x be the projection of Uy^x into Hq{A), i.e., 

r APUy^x = ^Uy,x in A 


(4.40) 


(4.41) 


(4.42) 


and for A > 0 let us define 


Ey,x = \vG Hl{A) :< u, PUy^x >= 
for any i = 1,.., n.} 



dPUy^ \ 
dxi / 


= 0 


(4.43) 


where < ui,U 2 >= f^VuiVu 2 is the scalar product in Hq{A). 

Finally set for some > 0, wq = (o + 1 — 5) C (a, 1) such that | Vi7| > 1 

in (a, a + 5) U (1 — 5,1). 

The following proposition is classical for concentration problems like (1.7) 
as e —>■ 0 (see [10] or [6] for example). 


Proposition 4.2. There exist eo > 0, Aq > 0 and rjo > 0 such that, for 
e G (0,eo) ond for (x. A) G uq x [Ao,+oo), there exists a unique Vy^x G Ey^x 
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such that ||i’y,A||_H'i(yi) < Vo foi" any w G Ey^\, 

-j ^ {PUy^\ + Vy^x)^w = N{N-2) j {PUy^x + Vy,x)^ w+e{PUy^x + Vy,x) 
A A 

(4.44) 

Moreover, the function {x, A) —>■ Vy^x is and there exists a constant 02 > 0 
such that 

\\vy,\\\m{A) < (4.45) 

A 2 

Now we are in position to prove Theorem 1.4. 

Proof of Theorem 1.4. Let us consider two solutions ui^s and U 2 ,e- 
Up to a suitable rotation we can assume that ||ui^e||oo = ui,eiyi,e) and 
1^2,si loo = U2,e{y2,e) with = (|yp£ |, 0,.., 0) and 1 / 2 ,s = (|y 2 ,£|, 0 , ..,0) with 

lyi.sl, |y2,£| ^ fq. 

In this setting we can apply Proposition 4.2 which gives that ui^e = 
PUyi,eM,e +^yi,.,Ai.e and U 2 ,s = PUy^^eM^e +Vy^,e,\ 2 ,e some (yi,£,Ai,£), 
{y 2 ,e-,^ 2 ,e) G wq X (0,+oo). If we show that yi^e = y 2 ,e and Ai^g = A 2 ,£ then 
by Proposition 4.2 we derive Vy-^ ^^Xi e — '^y 2 eMc- 

Now we use the crucial fact that u = PUy^x + Vy^x is a solution to (1.7) if 
and only if the pair [y, A) is a critical point of the reduced functional 

{\SIPUy^x + Vy^x?‘ - e {PUy,x + Vy^xf 

n — 2 

(li™».a+%.aI^) " 

So our claim is equivalent to show that the functional Ki.{y,\) : wq x 
(0, + 00 ) —>■ IR has exactly one critical point. 

Let us introduce the function K^{y, A) : wq x (0, + 00 ) ^ IR defined as 

^e(l/i,A) = A~^ (^n{n - 2)A+ RA{yi,0, ..,0) - . 

(4.47) 

In page 576 of [6] it was proved that there exist constants A,B,C G IR such 
that 

Keiy, A) Ksiy, A) in C‘^{ujo x (0, + 00 )). (4.48) 

By Theorem 1.3 we have that VR^(ro) = 0 and ^^(fq) 0. This means 

that fq is a nondegenerate critical point for the function i7yi(?/i, 0,.., 0). 
Hence Step 1 in [6] applies and then we have the uniqueness of the critical 
point of K^iyi, A). Then yi^^ = 1 / 2 ,e and Ai^g = A 2 ,£ and the claim follows. □ 
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